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We give an aﬃrmative answer to a conjecture of G.T. Tachev concerning the moments of
the Bernstein operators.
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1. Introduction
Let f : [0,1] →R. For any n ∈N the Bernstein operator is deﬁned by














The classical Voronovskaja’s theorem on the asymptotic behaviour of Bernstein polynomials can be stated as follows.
Theorem 1. (See Voronovskaja [11].) If f is bounded on [0,1] and, for some x ∈ [0,1], f is differentiable in a neighbourhood of x and








If f ∈ C2[0,1], the convergence is uniform.
S.N. Bernstein gave the following generalization of Voronovskaja’s Theorem 1.
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following generalization of the previous Bernstein theorem.





Ln((e1 − x)q+2 j; x)
Ln((e1 − x)q; x) = 0




Ln((e1 − x)q; x)
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Let WCq[0,1], q  0, denote the set of all functions in R[0,1] possessing a q-th piecewise continuous derivative. A com-
plete asymptotic expansion in quantitative form was given by Sikkema and van der Meer (1979).
Theorem 4. (See Sikkema and van der Meer [8].) Let (Ln)n∈N be a sequence of positive linear operators Ln : WCq[0,1] → C[0,1]





(e1 − x)r; x
) f (r)(x)
r!
∣∣∣∣∣ Cn,q(x, δ)ω( f (q); δ),
where:













2 , if Ln((e1 − x)q; x) 0,












(|u|)− bq+1(|u| − ⌊|u|⌋)).
Here bq+1 is the Bernoulli polynomial of degree q+ 1,   denotes the integer part function and ω(g; δ) denotes the classical ﬁrst order
modulus of continuity of g ∈ C[0,1]. Moreover the functions Cn,q(x, δ) are the best possible.
In 2007, H. Gonska proved the following result.















L(|e1 − x|q+1; x)
L(|e1 − x|q; x)
)
,
where the least concave majorant ω˜( f ; δ) is given by
ω˜( f ; δ) =
{
sup0xδ<y1
(δ−x)ω( f ;y)+(y−δ)ω( f ;x)
y−x , 0 < δ  1,
ω( f ;1), δ > 1.
By using the K -functionals technique, G.T. Tachev proved the following theorem.
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know the behaviour of the sequence
Bn((e1 − x)q+1; x)
Bn(|e1 − x|q; x)
as n → ∞.
It is the context presented above that an answer to the following conjecture is of foremost importance.
Conjecture 7. (See G.T. Tachev [9, p. 1183].) For q ∈N and any x ∈ (0,1), the following statement holds true:
lim
n→∞
Bn((e1 − x)q+1; x)
Bn(|e1 − x|q; x) = 0. (1.1)
For q = 0,1,2,3, Eq. (1.1) is easily veriﬁed. It remains to check it for all q 4.
In Section 3, we will give an aﬃrmative answer to Tachev’s conjecture.
Moreover we provide stronger related inequalities that are crucial to extend Bernstein’s Theorem 2.
2. Auxiliary results
Let x ∈ [0,1], α > 0 and let us use the notation X := x(1 − x), x ∈ [0,1]. The following result was proved in 2008 by
S. Telyakovskii.
Theorem 8. (See S. Telyakovskii [10, Lemma 1].) The inequality
Bn






where C(α) depends only on α, holds true for nX  1.
Let I = [a,b], Π be the linear space of all real polynomials deﬁned on I and let S be a linear subspace of C(I) such that
Π ⊂ S . The divided difference of a function f ∈RI on the distinct knots x1, . . . , xn ∈ I , is deﬁned by






where (x) = (x− x1) . . . (x− xn). Recall the following deﬁnition of Tiberiu Popoviciu.
Deﬁnition 9. (See T. Popoviciu [6].) Let n be an integer, n−1. A linear functional A : S →R is said to be Pn-simple if the
following conditions are satisﬁed:
(i) A(en+1) 
= 0;
(ii) For any f ∈ S there exist distinct points ξ1, . . . , ξn+2 ∈ I , depending on f , such that
A( f ) = A(en+1)[ξ1, . . . , ξn+2; f ].
We will use the following result of T. Popoviciu.
Theorem 10. (See T. Popoviciu [7].) Let A : S → R be a bounded Pm-simple linear functional (m  0). Then, the functional A¯ :
Cm+1(I) →R deﬁned by
A¯( f ) = A( f ) − A(em+1) f
(m+1)(c)
(m + 1)! ,
where
c = A(em+2)
(m + 2)A(em+1) ,
is Pm+2-simple.
We give below a representation formula that will be essential in our proof.
I. Gavrea, M. Ivan / J. Math. Anal. Appl. 390 (2012) 86–92 89Lemma 11. Let x ∈ [0,1] and n 1. For any g ∈ C2[0,1], there exists distinct points c1, . . . , c5 ∈ [0,1], depending on g, such that the
following representation formula for the Bernstein operator is satisﬁed:







+ (9n − 10)X
2 + X
3n3
[c1, . . . , c5; g]. (2.2)
Proof. The functional A : C[0,1] → R, A( f ) = Bn( f ; x) − f (x), is P1-simple. By Popoviciu’s Theorem 10, the functional
A¯ : C2[0,1] →R,
A¯(g) = Bn(g; x) − g(x) − X
2n
g′′(c),




3n , is P3-simple. It follows that for all g ∈ C2[0,1] there exist distinct points c1, . . . , c5 ∈ [0,1]
such that
A¯(g) = A¯(e4)[c1, . . . , c5; g],
i.e.,








[c1, . . . , c5; g]. (2.3)
By using the equalities
Bn(e2; x) − x2 = X
n
,
Bn(e3; x) − x3 = X((3n − 2)x+ 1)
n2
,
Bn(e4; x) − x4 = X((6n
2 − 11n + 6)x2 + (7n − 6)x+ 1)
n3
,
Bn(e4; x) − x4 − 6 X
n
c2 = X((9n − 10)X + 1)
3n3
,
in (2.3), the proof is concluded. 
We can prove the following lemma.
Lemma 12. Let x ∈ [0,1] be such that nX  1. Then, for any q ∈N∗ , there exists a constant C1(q) independent of n such that:∣∣Bn((e1 − x)q+1; x)∣∣ C1(q) X
nq
. (2.4)
Proof. It is known that (see, e.g., [2, Chapter 10, Theorem 1.1]) for any s ∈N∗ , we have
Bn
(

















where a j,s and b j,s are polynomials of degree s − j independent of n.
For q = 2s + 1, from (2.5), we get
Bn
(







From (2.6), for nX  1, we obtain





From (2.8) with q = 2s, and (2.7) we obtain (2.4). 
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The following theorem gives a positive answer to Conjecture 7.
Theorem 13. For any q 4 and x ∈ (0,1) there exists a constant K (q) such that
|Bn((e1 − x)q+1; x)|
Bn(|e1 − x|q; x) 
K (q)√
n
, n 5. (3.1)
Proof. Since the function t → tq/2, t ∈ [0,1], is convex for q 4, by Jessen’s inequality [4], we obtain
Bn






for all x ∈ [0,1].
Now, from Telyakovskii’s inequality (2.1) and (3.2) we get
|Bn((e1 − x)q+1; x)|






for any x ∈ (0,1) such that nX > 1.
To prove an inequality similar to (3.3) in the case nX1 we will use our Lemma 11.
By taking g = |e1 − x|q in (2.2) and using the fact that the divided difference [c1, . . . , c5; |e1 − x|q] is positive for q  4,
we obtain
Bn









(|e1 − x|q; x) X
2 · 3q−2nq−1 q(q − 1)|1− 2x|
q−2. (3.4)





. So, from (3.4), for n 5, we obtain
Bn




q(q − 1). (3.5)
From (2.4) and (3.5), we get
|Bn((e1 − x)q+1; x)|








Thus, Eqs. (3.3) and (3.6) conclude the proof. 
4. Improved inequalities related to the conjecture
The following theorem enriches the answer given to the conjecture.
Theorem 14. For any q 4 and x ∈ (0,1) there exists a constant A(q) such that
Bn(|e1 − x|q+1; x)
Bn(|e1 − x|q; x) 
A(q)√
n
, n 5. (4.1)
Proof. If q = 2s + 1, inequality (4.1) follows from (3.1). Let q = 2s. By using the Cauchy–Schwarz inequality, we obtain
Bn(|e1 − x|2s+1; x)
Bn(|e1 − x|2s; x) 
√
Bn((e1 − x)2s+2; x)
Bn((e1 − x)2s; x) . (4.2)
If nX  1, by Theorem 8, there exists a constant C(s) such that
Bn
(
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Bn
(
(e1 − x)2s; x






From (4.2), (4.3) and (4.4) we obtain
Bn(|e1 − x|2s+1; x)






, nX  1. (4.5)
If nX < 1, from Lemma 12, we get∣∣Bn((e1 − x)2s+2; x)∣∣ C1(2s + 1) X
n2s+1
, nX < 1. (4.6)
From (3.5), we obtain
Bn




2s(2s − 1). (4.7)
From (4.2), (4.6) and (4.7), we obtain
Bn(|e1 − x|2s+1; x)




5 )2s−2C1(2s + 1)
s(2s − 1) ·
1
n
, nX < 1,
and the proof is concluded. 
In what follows we provide a converse of inequality (4.1).
Theorem 15. For any q ∈N, q 1, we have∥∥∥∥ Bn(|e1 − x|q+1; x)Bn(|e1 − x|q; x)
∥∥∥∥ M(q)√n ,
where M(q) is a positive constant independent of n and x.
Proof. We have∥∥∥∥ Bn(|e1 − x|q+1; x)Bn(|e1 − x|q; x)
∥∥∥∥ maxnX1 Bn(|e1 − x|
q+1; x)
Bn(|e1 − x|q; x) . (4.8)
By using Jessen’s inequality, we have
Bn







and Telyakovskii’s inequality (2.1) yields
Bn





, n > 1/X,
hence,
Bn(|e1 − x|q+1; x)






, n > 1/X . (4.9)
From (4.8) and (4.9) we get∥∥∥∥ Bn(|e1 − x|q+1; x)Bn(|e1 − x|q; x)
∥∥∥∥ 12C(q) 1√n . 







which is essential to extend results from [1,3,9].
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